Sensitivity enhancement of a whispering-gallery-mode microsphere resonance-shift sensor by coating of a high-refractive index (RI) layer is examined for TM polarization. The enhancement of sensitivity in response to particle adsorption or a RI change of the surroundings at the optimized layer thickness is greater for the TM mode compared with the TE mode, but the TM mode requires a thicker layer. A particular choice of the layer thickness allows the TE and TM shifts to match. Matching of the resonance frequency of the two modes is also examined.
INTRODUCTION
Whispering-gallery modes (WGM) in a transparent microsphere offer an excellent platform for constructing highly sensitive, yet space-conscious sensors for chemicals, 1, 2 biological molecules, [3] [4] [5] [6] [7] temperature, 8, 9 and stress. 10, 11 The past studies used a small shift in the narrow resonance line of a WGM to detect adsorption of biomolecules and quantify them. The detection scheme is potentially capable of detecting a single molecule of molar mass at ϳ10 6 g / mol without labeling. 12 In our preceding paper, 13 we showed that coating a microsphere with a thin dielectric layer of a high-refractive index (RI) enhances the sensitivity for detecting adsorption of molecules and a RI change in the surroundings. We recently demonstrated 14 that coating a silica microsphere with a submicrometer layer of polystyrene increases the sensitivity by a factor close to 10, in agreement with the theoretical estimate. The enhancement relies on the ability of the high-RI layer to attract the photonic field of the WGM, thereby exposing a stronger evanescent field compared with a plain microsphere without the coating and inducing greater polarization in the molecules in the immediate neighborhood of the sphere surface. We also showed by calculation that resonance shifts of different radial modes of the WGM can be matched, thus removing ambiguity in estimating the quantity of the adsorbed mass or the refractive index change. 13 In that paper, we worked on the TE modes only.
The present paper extends the theoretical treatment of the WGM in a coated microsphere sensor to TM modes. The majority component of their electric field is normal to the microsphere surface. Because of continuity in the normal component of electric displacement across concentric interfaces, the sensitivity of the TM mode can be higher compared with the TE mode, especially when the RI of the coating is high. We are also concerned about the ratio of the shift of a TM mode to the shift of a TE mode in the coated microsphere, since the ratio provides added information on the state of adsorbate. 15 We will also show that the coating can lead to TE and TM modes having the same resonance frequency.
TRANSVERSE MAGNETIC MODE IN A COATED MICROSPHERE
A spherical polar coordinate ͑r , , ͒ is set up with the origin at the center of the microsphere. The top coating of thickness t is a part of the sphere radius a. The radial distribution of refractive index n͑r͒ at distance r from the sphere center is given as
͑1͒
We assume n 3 Ͼ n 1 , but the formulation developed below applies to the other situation. For a mode specified by polar index l (aka mode number) and azimuthal index m ͑m =−l ,−l +1, . . . ,l͒, the field E of a TM mode is given as 16 ,17
where k =2 / with being the wavelength of light in vacuum, and the prime denotes the derivative by the argument. The radial function T l ͑r͒ satisfies
In each of the three sections of the RI profile, Eq. (3) 
where P l m ͑x͒ is the associated Legendre function, and ê r , ê , and ê are the unit vectors in the relevant directions. At resonance, T l ͑r͒ is given as
using the Riccati-Bessel function l ͑z͒ϵzj l ͑z͒ and the Riccati-Neumann function l ͑z͒ϵzn l ͑z͒, where j l ͑z͒ and n l ͑z͒ are spherical Bessel and Neumann functions, respectively.
The coefficients A l , B l , C l , and D l are determined by the boundary conditions across the interfaces at r = a − t and r = a, which require that T l ͑r͒ and T l Ј͑r͒/͓n͑r͔͒ 2 be continuous. The conditions lead to
where
with z 1 = n 1 k͑a − t͒ and z 3 = n 3 k͑a − t͒. The above two equations give k at resonance. In this paper, we use n 1 = 1.452 and n 2 = 1.320 to represent a microsphere made of silica in aqueous environment coupled to a light source of = 1.34 m. In addition, a = 100 m will be enforced, unless otherwise specified. We consider the first three radial modes ͑ =1,2,3͒ only. The parameter setting leads to l = 666 ͑ka = 468.78517͒ for =1, l = 654 ͑ka = 468.81257͒ for = 2, and l = 644 ͑ka = 468.67434͒ for = 3, all for the uncoated sphere ͑t =0͒. The same values of l are enforced for coated spheres as well, although their resonance wavelengths can be greatly longer compared with those for the uncoated sphere. When it is necessary to show results of TE modes as a reference, the same values of l are used. Their values of resonant k in the uncoated sphere are slightly smaller.
13 Figure 1 shows the profile of T l ͑r͒ of the first radial mode near the microsphere surface for different values of thickness t of the coating layer with n 3 = 1.6. Unlike S l ͑r͒ for the TE mode, T l ͑r͒ is not smooth at the two interfaces, especially at r = a, where the discontinuity in n͑r͒ is large. T l ͑r͒ moves outward and narrows with an increasing t, followed by a gradual inward movement and broadening, similar to S l ͑r͒. 13 The change of the profile is similar for other values of n 3 ; When n 3 is large, the change is more conspicuous and the radial compression occurs for thinner layers.
The ͓T l ͑r͔͒ 2 of the second radial mode has a minor outer peak and a major inner peak. The change in T l ͑r͒ with an increasing t occurs in two steps, similar to S l ͑r͒ for =2. 13 For the third radial mode, the change requires three steps.
To compare the changes of T l ͑r͒ and S l ͑r͒, we examine their peak positions, r peak , for n 3 = 1.7. A pair of dashed and solid curves (TE and TM) indicated as = 1 in Fig. 2 shows r peak of the first radial mode as a function of t. The shaded area represents the layer ͑a − t Ͻ r Ͻ a͒. At t =0, r peak is at ϳ99 m = 0.99a for the TE and TM modes. The TM peak is located slightly inward compared with the TE peak. With an increasing t, the peak moves outward until it enters the layer. The entrance requires a thicker layer for the TM mode compared with the TE mode, and r peak does not reach as large a value as that of the TE mode. Once the peak enters the layer, r peak starts to recede for the two modes. Between 0.4 and 1.0 m of the layer thickness, r peak runs close to the center of the layer for both modes. With a further increase in t, r peak deviates from the layer center to approach the value in a uniform microsphere of RI= n 3 for each mode.
For the second radial mode ͑ =2͒, the peak moves outward in two steps, as the minor and major peaks are affected differently by the high-RI layer. A pair of dashed and solid curves indicated as = 2 in Fig. 2 shows r peak of the major peak. As for = 1, the TM mode requires a thicker layer for the peak to enter the layer. Once the peaks are within the layer, the positions for the two modes are nearly identical. The movement of the minor peaks (not shown), located at ϳr = 99.5 m for t =0, is similar to the movement of the = 1 peak, except that the minor peaks barely move between 0.2 and 0.8 m, when the major peaks move greatly. The third radial mode experiences a three-step increase in r peak (for the innermost, highest peak in ͓S l ͑r͔͒ 2 or ͓T l ͑r͔͒ 2 ), before the peak enters the layer (not shown). Below, we discuss the reason of the TE-TM difference for =1.
The boundary condition requires that S l ͑r͒ and S l Ј͑r͒ be continuous at the interface between the silica core and the layer for the TE mode. For the TM mode, the continuity applies to T l ͑r͒ and T l Ј͑r͒/͓n͑r͔͒ 2 . When the peak is within the core, the core-layer interface is on the right shoulder of the peak ͑r peak Ͻ a − t͒. Across the interface, S l ͑r͒ is smooth, but T l ͑r͒ is not. The large n 3 makes the tangent to T l ͑r͒ within the layer steep, which lifts the shoulder of the peak in the core, requiring a thicker layer for the peak to enter the layer. Once the peak is within the layer, the interface is on the left shoulder of the peak ͑a − t Ͻ r peak ͒. The boundary condition forces T l ͑r͒ to have a steeper tangent compared with S l ͑r͒. Therefore, the peak of T l ͑r͒ is higher and narrower than that of S l ͑r͒.
The TE-TM difference of the orbital leads to different resonant wave vectors. Figure 3 compares the resonant k of the two polarizations for the three radial modes, plotted as a function of layer thickness t, for n 3 = 1.7. The k changes smoothly from the one in a plain sphere of n 1 = 1.452 to the one for n 3 = 1.7, while the total radius a is held unchanged. The single-, two-, and three-step changes are evident in the plots for = 1, 2, and 3, respectively. The TM mode needs a thicker layer for the high-RI layer to decrease the resonant k, compared with the TE mode of the same .
The changes of r peak and k with an increasing t are not independent of each other. Until the peak enters the high-RI layer, the product of k and r peak is held unchanged. The constant value is shared between the TE and TM modes. The constant k · r peak indicates that the redshift of WGM with an increasing t is due to an increase of the orbital length. The value of n͑r peak ͒kr peak in a plain sphere of n 1 = 1.452 is identical to the one in a plain sphere of n 3 = 1.7 ͑t = a͒. For the second mode, the constant r peak is the case for each of the two peaks until the respective peak enters the layer.
As was the case with the TE modes, 13 the penetration depth of the evanescent field at the layer-surroundings interface decreases from k
with an increasing layer thickness. Although k decreases in the transition, the increase in the RI contrast factor is more than sufficient to make the penetration shallower.
SENSOR APPLICATIONS
The general formula 15 for sensing a change of dielectric property in the surrounding medium allows us to estimate the fractional shift of the resonance frequency. The volume V p , in which the relative permittivity r changes by ␦ r , may be the entire surrounding (RI change of the surroundings), an adsorption layer next to the sphere surface, or an adsorbed particle. The formula expresses the shift ␦k of the resonance wave vector from k 0 as the ratio of the perturbation integral in V p to the mode energy integral in the entire space V:
where E 0 is the electric field of the WGM before the perturbation (change of r ), and E p is the electric field within V p . This formula does not rely on the orthogonality of T l ͑r͒ 17 and therefore can apply to the WGM in the coated microsphere.
We omit the subscript for the mode number l , and instead express the unperturbed radial function for E 0 as T 0 ͑r͒ and the perturbed function for E p as T͑r͒. Using Eq. (2), we express the mode energy integral by T 0 ͑r͒: Fig. 3 . (Color online) Resonance wave vector k of WGM in a silica microsphere coated with a high RI ͑n 3 =1.7͒ layer in water is plotted as a function of layer thickness t for the first three radial modes ( = 1, red; 2, blue; 3, green). The total radius is held at 100 m. Solid and dashed curves represent TM and TE modes, respectively. The mode number l is 666 ͑ =1͒, 654 ͑ =2͒, and 644 ͑ =3͒.
where ⍀ is the solid angle. After integrating over ⍀, Eq. (10) becomes
͑l − m͒!͑2l + 1͒ .
͑12͒
After integrating Eq. (11) by parts and including Eq. (3), Eq. (11) is rewritten as
This equation indicates that, in a narrow range of r, ͓T l ͑r͔͒ 2 represents the energy density of the mode at r, regardless of the refractive index at the point.
As we did for the TE mode energy, we divide the radial integral of ͓T͑r͔͒ 2 into three parts, I 1 , I 3 , and I 2 , according to Eq. (6), where I i is the integral in the range of r where n͑r͒ = n i . They are calculated as 13 I 1 = ͑A l 2 /n 1 k͒⌿ l ͓n 1 k͑a − t͔͒, ͑14a͒ I 2 = ͑B l 2 /n 2 k͒⌾ l ͑n 2 ka͒, ͑14b͒
The perturbation integral requires attention about E p . 15 As r changes in V p , E p also changes to keep up with the changing boundary condition. Therefore, we cannot replace E p with E 0 even in the first-order perturbation, whereas such a replacement is allowed for the TE mode. Below we calculate the perturbation integral for a uniform RI change of the surroundings and adsorption of spherical particles.
(1) Uniform RI change of the surroundings.
In a uniform change of r from n 2 2 to n p 2 = n 2 2 + ␦͑n 2 ͒ in the entire surrounding ͑r Ͼ a͒, E p is given by Eq. (2) with n͑r͒ = n p . After integrating ͉Y lm ͉ 2 and ͉Z lm ͉ 2 over the solid angle, we obtain
͑16͒
Integration by parts leads Eq. (16) to
where a + is infinitesimally greater than a. Unlike TЈ͑r͒, T͑r͒ can be replaced with T 0 ͑r͒, since it is continuous across the interface, in the first-order perturbation. Neglecting the asymptotic sinusoidal wave component that prevails as r → ϱ, 17 the integral is calculated as
͑18͒
where l and l Ј are evaluated at z = n 2 ka. We define the response G RI for the RI change as the ratio of −␦k / k 0 to ␦͑n 2 ͒. It is expressed as
͑19͒
(2) Adsorption of spherical particles.
The situation is simple for adsorption of small spherical particles. It is common for TE and TM modes that the perturbation integral for N p particles, each with refractive index n p and volume V p , adsorbed uniformly at a low density on the microsphere surface, is given as
͑20͒
where ͚ implies a sum over all particles, and ⍀ refers to the location of the particle on the microsphere surface.
Equation (20) 
͑21͒
We isolate the factors that depend on the property of the particles and define the response G ads for sensing the adsorption as 13
which is calculated as Figure 4 compares the responses of the TE and TM modes to adsorption of small spherical particles at a low density on a microsphere coated with n 3 = 1.7. The G ads is plotted as a function of layer thickness t for = 1 and 2. First, we compare the two curves of G ads for the first radial mode. In the absence of the layer ͑t =0͒, G ads = 3.23 of the TM mode is ϳ18% greater than G ads = 2.73 of the TE mode. The difference is accounted for by the intensity difference of the evanescent field. 15 With an increasing t, the TM mode increases its G ads more slowly compared with the TE mode. However, the peak is higher for the TM mode and occurs for a thicker layer. The peaking of G ads occurs when T l ͑r͒ has its peak within the layer. When G ads gradually decreases with a further increase in t, the TM mode retains a large G ads over a broader range of t compared with the TE mode. Figure 5 shows the layer thickness t peak that maximizes G ads at a given layer RI, n 3 , for the TE and TM modes.
The peak value G ads,peak is also shown. The TM-to-TE ratio of t peak increases with an increasing n 3 . At n 3 = 2.7, the ratio is 3.4. The TM-to-TE ratio of G ads,peak changes weakly with t. Now we turn to the second radial mode that has two peaks in the plot of G ads in Fig. 4 . The peak at a small t is due to having the minor peak of T l ͑r͒ within the layer. The TM mode brings both peaks higher compared with the TE mode. The peaking requires thicker layers. For the third radial mode (not shown), the plot of G ads is similar to that of the second radial mode, except that it has two minor peaks, and the major peak maximizes at a thicker layer.
The curves of G RI (not shown) at n 3 = 1.7 are similar to those of G ads . The sensitivity enhancement is not as large as for G ads , since the evanescent field decreases its penetration with an increasing thickness of the high-RI layer. The peaking in G RI occurs for a slightly thinner layer compared with the respective peaking in G ads . Figure 6 shows the ratio of the TM shift to the TE shift for adsorption of small spherical particles, plotted as a function of layer thickness t. The four curves are for different values of n 3 . The first radial mode is considered here. The ratio is independent of n p , V p , and N p . At t =0, the ratio is ϳ1.18. With an increasing layer thickness, the ratio decreases, followed by an upward swing and gradual approach to the ratio for a uniform microsphere of RI = n 3 for all of the four curves. The asymptote is 1.23 for n 3 = 1.5 and increases to 1.48 for n 3 = 1.8. The magnitude of the downward and upward swings is greater for a layer of a higher RI. The initial decrease in the ratio parallels the decrease of the shift ratio in adsorption of spherical particles to form a layer; 18 The shift ratio decreases with an increasing surface density of adsorbed particles, especially when the RI of the particles is high. It is interesting to note that at particular values of t, the ratio is equal to unity. Namely, the two polarizations cause the same shift. The compensation will remove ambiguities due to unspecified polarization of each resonance line in experiments employing WGM shift sensors. There are two compensation points as long as n 3 Ͼ 1.537. The second compensation point has a much higher G ads ; for n 3 = 1.7, it is at t = 0.23 m (the intersection of the solid and dashed curves in Fig. 4) . The TM-TE compensation is also possible for the second radial mode if n 3 Ͼ 1.615. Figure 6 applies to adsorption of particles that have the same polarizability in the directions normal and tangential to the sphere surface. For particles more polarizable in normal direction compared with tangential direction, such as prolate ellipsoids standing on the sphere surface, the curves will be located higher than those in Fig. 6 . The pattern of the changes of the TM-to-TE shift ratio for the RI change will be similar.
We also calculated k, G RI , and G ads as a function of layer thickness t for a microsphere of a = 200 m coated with a layer of n 3 = 1.7 (results are not shown). To hold the resonance wavelength unchanged at 1.34 m in an uncoated sphere, l = 1371 and 1356 were used for = 1 and 2, respectively, common to TE and TM modes. The discussion below applies to both TE and TM modes.
The decreases in k with an increasing t are similar to those in Fig. 3 except that large t asymptotes are greater compared with those for a = 100 m. For the uncoated sphere, G RI and G ads are almost identical to those for a = 100 m, as the a dependence is roughly eliminated in their definitions. The fractional shifts, −␦k / k 0 , in the plain 200 m sphere are ϳ 1 2 of those in the plain 100 m sphere. With an increasing t, G RI and G ads increase and maximize at approximately the same values of thickness as those for a = 100 m. The peak values are approximately twice as large, that is, the fractional shifts in the coated 200 m sphere (thickness is optimized) are almost the same as those in the coated 100 m sphere. Therefore, sensitivity enhancement by the coating is twice as large as the one in the 100 m sphere. The latter statement applies to the peak for = 1 and the major peak for = 2. The minor peak for = 2 does not receive as large a boost in G RI and G ads as does the major peak.
The responses's independence of a at their peaks is due to the fact that T l ͑r͒ and S l ͑r͒ at ϳr = a, for the sensitivityoptimized layer, are determined by the layer thickness, rather than by a. In that sense, we may call the WGM with a compressed radial function a surface mode.
A large microsphere of uniform RI, when used as a WGM shift sensor, has a disadvantage of a lower sensitivity, although such a sphere can accommodate more radial modes as a high-Q resonance, compared with a small microsphere. Applying a high-RI layer to the large microsphere eliminates the disadvantage, while retaining the capability to observe many radial modes.
Now we return to a = 100 m and seek a possibility of matching resonance frequencies between the TE and TM modes. At the matched frequency, circularly polarized light will be sustained as a resonance. Such a matching is absent in Fig. 3 ͑n 3 = 1.7͒ . The line for TM of = 1 intersects with the lines for TE of = 2 and 3. It may then appear that the TE mode and either of the two TM modes can share k. The sharing is, however, between different values of l (666 for = 1; 654 for = 2; 644 for = 3). When the same l is enforced for the three radial modes, the TE curve and the TM curve do not intersect each other. Here, we look for the matching between TE and TM modes having the same l and . Figure 7 shows a plot of k as a func- tion of t in a microsphere coated with a layer of n 3 = 2.2. In this example, the two lines for = 1 do not intersect each other; TM has a greater k at t = 0 than does TE, and the redshift of TM requires a thicker layer. For the higherorder radial modes, the same statement holds for the resonance in which the major peak in ͓S l ͑r͔͒ 2 or ͓T l ͑r͔͒ 2 is within the layer. However, when the major peak is within the core, the lines for TE and TM can intersect. The arrows in Fig. 7 indicate the intersection. There is a pair of arrows on the curves for = 2; two pairs of arrows for = 3. The relationship between t and n 3 when the TE and TM modes have matching k is depicted in Fig. 8. 
CONCLUSIONS
We have demonstrated by calculations that sensitivity enhancement of the TM modes in coated WGM sensors can surpass that of the TE modes. We also showed that it is possible to match the shifts of the two modes so that the shift sensor does not suffer from ambiguities in evaluation of the quantity of adsorbate or surroundings's RI change. Furthermore, we demonstrated a matching of TE and TM resonance frequencies in a microsphere coated with a high-RI layer.
